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Exercise 1

Let X, Y be sets, let A be a σ-algebra on X, and let B be a σ-algebra on Y .

(1) Recall the definition of a σ-algebra.

(2) Show that the intersection of an arbitrary family of σ-algebras on X is again a σ-algebra.

(3) Let f : X → Y . Show that

f−1(B) := {f−1(B) : B ∈ B}

is a σ-algebra on X.

(4) Show that f : (X, A) → (Y, B) is measurable if and only if f−1(B) ∈ A for every B ∈ B.

(5) If f : (X, A) → (Y, B) and g : (Y, B) → (Z, C) are measurable, prove that g ◦ f is
measurable.

Exercise 2

Let X, Y be metric spaces.

(1) Recall the definition of the Borel σ-algebra B(X).

(2) Show that every open set belongs to B(X), and every closed set belongs to B(X).

(3) Prove that every continuous map f : X → Y is B(X)-B(Y ) measurable.

(4) Let fn : X → R be measurable. Show that the following functions are measurable

sup
n∈N

fn, inf
n∈N

fn, lim sup
n→∞

fn, lim inf
n→∞

fn.

(5) Prove that if fn are measurable and fn(x) → f(x) for every x ∈ X, then f is measurable.

Exercise 3

Let (X, A, µ) be a measure space. A simple function can be written as

s =
m∑

k=1
ak1Ak

with ak ≥ 0 and pairwise disjoint measurable sets Ak.
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(1) Let f : X → [0, ∞] be measurable. Construct a sequence of nonnegative simple functions
sn such that sn(x) ≤ f(x) and

sn(x) → f(x) for every x ∈ X.

(2) Let f ∈ L1(µ). Show that there exists a sequence of simple functions sn such that

sn → f µ-a.e.

and ∫
X

|sn − f | dµ → 0.
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