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Exercise 1

Let X = R2, Y = R2, and T ∈ C(X,Y) be given. Fix two (finite) discrete measures

α ≡
n∑

i=1
aiδxi ∈ P(X) and β ≡

m∑
j=1

bjδyj ∈ P(Y) . (1)

In the lecture, we introduced the push-forward measure T♯α ∈ P(Y) by the following defining
property: ∫

Y
h(y)(T♯α)[dy] =

∫
X

h
(
T(x)

)
α[dx] ∀ h ∈ C0(Y) .

Show that ν ∈ P(Y), with

ν =
n∑

i=1
aiδT(xi)

is a push-forward measure T♯α.

Exercise 2

The OT-Problem by Kantorovich for discrete measures α =
∑n

i=1 aiδxi and β =
∑m

j=1 bjδyj

and given matrix CCC ∈ Rn×m reads as follows:

min
PPP∈UUU(a,b)

〈
CCC,PPP

〉
, with ⟨CCC,PPP⟩ :=

∑
i,j

CCCijPPPij ,

where UUU(a, b) was defined in the lecture. Our aim was to reformulate this problem as (LP),
with related data (AAA, b, c), to then practically solve the problem by available algorithms,
including simplex method, or interior point method.
To allow for this reformulation, we defined x ∈ Rnm to represent a coupling matrix PPP ∈ Rn×m

≥0 ,
as well as b̃ = (a, b)⊤, and introduced the matrix

ÃAA =
(

1n ⊗ 111⊤
m

111⊤
n ⊗ 1m

)
∈ R(n+m)×nm ,

where ‘⊗’ denotes the Kronecker product of two matrices. Show that the equality constraint
ÃAAx = b̃ represents the two equality constraints in UUU(a, b).
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Exercise 3

Let X = Y = R. We consider the discrete probability measures

α = 1
2δ0 + 1

2δ2, β = 1
2δ0 + 1

4δ1 + 1
4δ2,

with the cost function
c(x, y) = |x − y|2.

Find the cost matrix CCC ∈ R2×3 corresponding to the points x1 = 0, x2 = 2, y1 = 0, y2 =
1, y3 = 2 and determine the set U(a, b) of admissible couplings PPP ∈ R2×3

≥0 and find an optimal
coupling PPP∗ ∈ U(a, b) for the Kantorovich problem

min
PPP∈U(a,b)

⟨CCC,PPP⟩.

Show that there is no transport map T : {0, 2} → {0, 1, 2} such that T♯α = β.
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