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Exercise 1

In the lecture, the p-Wasserstein distance Wp(a,b) was introduced for two discrete measures

α =
n∑

i=1
aiδxi and β =

n∑
i=1

biδxi . (1)

Then, the definition of p-Wasserstein distance Wp(α, β) was extended to general α, β ∈ P(X),
via

Wp(α, β) :=
(
Ldp(α, β)

)1/p
,

where d : X × X → R+
0 is a metric on X, and Lp(α, β) is the minimum value of the related

Kantorovich OT problem. Discuss for α, β from (1) if/when

Wp(α, β) = Wp(a,b) .

Exercise 2

Let T : X → Y be a map between topological spaces and let µ ∈ P(X) be a probability measure
on X. Show that T#µ is a probability measure on Y. Further, show that, in general, the
pullback defined by S#ν(E) := ν(S(E)) for S : X → Y and ν ∈ P(Y), does not define a
measure.

Exercise 3

Let (X,B(X)) and (Y,B(Y)) be measurable spaces and let α ∈ P(X), and β ∈ P(Y) be given.
We recall the coordinate projections PX(x, y) := x, and PY(x, y) := y. A probability measure
π ∈ P(X × Y) was defined to be a coupling of α and β if (PX)#π = α, (PY)#π = β

(a) Show that π ∈ P(X × Y) is a coupling of α and β if and only if∫
X×Y

φ(x)π[dx,dy] =
∫
X
φ(x)α[dx] ∀φ : X → R bounded and Borel,

and ∫
X×Y

ψ(y)π[dx, dy] =
∫
Y
ψ(y)β[dy] ∀ψ : Y → R bounded and Borel.
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(b) Show that the product measure α⊗ β ∈ P(X × Y) is a coupling of α and β.

(c) Let T : X → Y be Borel measurable and assume that T#α = β. Define the map
F : X → X × Y by F (x) := (x, T (x)) and set πT := F#α. Show that πT is a coupling of
α and β.
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