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Exercise 1

(i) Let X =Y = R?, and c¢(x,y) = ||x — y||>. Consider the points
x1=(0,00", x=(11)", y1=(10", y2=(0,1)",

from which we define the measures p, v € P(R?) of the forms
1 1 1 1
= 56,(1 + 55,(2 and V= §5y1 + §6y2 .

Argue that the set of couplings I'(u, v) is given by all

1
Mo = a(s(xl,YI) + (5

1 1
2 )y yz) + (§ — W)0(xy31) T A0y ) Vac[0, 5]

2
(ii) Discuss the solution of the related Kantorovich OT problem .Z.(u, v).

Exercise 2

Fix d € N. Let both, u, v € P(RY) have smooth densities, i.e.,
pldx] = f(x)dx  and v[dx] = g(x)dx.

Restate when v is push-forward of p — i.e., it has the form Tyu = v — in terms of f, g, and
its derivatives, which holds pointwisely (i.e., for all x € R%).

Exercise 3

Let u € M(RR?) be a finite measure that is absolutely continuous with respect to the two-
dimensional Lebesgue measure. That is, there exists a nonnegative function p : R? — [0, 00)
with p € L'(R?) such that p[dx,dy] = p(x,y) dxdy. We define the finite measure v € M(R)
by setting v[dx] = n(x) dx, and

1) = [ plxx)dy.



For every x € R with 7(x) > 0, define a measure ux on R by

p(X,y)
n(x)

pxldyl = px(y)dy,  px(y) =
If n(x) = 0, set px := 0. Show that for every g € L'(11) one has

/RQQ(X,Y)M[dX,dy] = /R (/Rg(x,y) d,u,x(y)> v[dx].

Exercise 4

(i) Show that any metric space is a Hausdorff space.

(ii) Let (X, d) be a metric space and let K C X. Show that K is compact if and only if every
sequence (X, )nen in K has a subsequence (xj,);jen that converges to a point in K.



