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Exercise 1

Let X, Y be two compact spaces and let y € M(X x Y) be a finite measure on the product
X xY. Let

Vi= (pl)#ﬂa
where p; : X X Y — X is the projection on the first coordinate.

Prove that there exists a family of probability measures (uy)zex € P(Y) such that
(a) for any Borel set £ C Y, the map x — u,(E) is Borel;
(b) for any g € L'(p) it holds that

/xwg(fv’y)“[d"”vdy] :/X/Yg(w,y) piz[dy) v[dz].

Moreover, if (pz)zex and (fiz)zex are two families with the above properties, then

Mz = e
for v-a.e. z € X.
Hint:
(1) Given ¢ € Cy(Y), consider the map Ay : L1(X,v) — R given by
Ap(9) = (@)d(y) pldz,dy)] Vo € L'(X,v).

XxY

Prove that this map is linear and continuous, and therefore A, can be represented by a
function in L>®(X,v).

(2) Fix a countable dense subset S C Cy(Y). Prove that, for v-a.e. = € X, the map
e oS — R given by
pa () = Ay (z)

is linear and continuous. Show that such a family (uz)sex satisfies (a).
(3) Show that (b) holds when
g(z,y) = ¢()¥(y) € L'(X,v) x 8.
Show by approximation, since S is dense in Cp(Y), that (b) also holds when
g(,y) = d(x)(y) € L'(X,v) x Co(Y).
By approximation, show that this implies (b) for any g € L (u).



Exercise 2
For i € {—1,0,1}, we define f; : [0,1] — R? as f;(t) := (i,t). Let

M= (fO)#$17 v_1 = (f—l)#gla Vv = (fl)#gla

and v := %(V_l +v1). Here .#! denotes the one-dimensional Lebesgue measure. Show that p
and v are probability measures, that 4 is supported on a segment in R?, and that v is supported
on two segments in R2. Show that, with respect to the quadratic cost c¢(z,y) = |z — y|?, there
is a unique optimal transport plan from p to v, give a description of this transport plan, and
prove that it is not induced by a map.

Exercise 3*

Let (X,d) be a locally compact, separable metric space. Let (pug)keny € P(X) and p € P(X)
with
/w,uk[dm] - / bulde]  for all ¢ € Co(X).
X X

Further, let ¢ : X — [0, 4+00] be lower semicontinuous. Show that
liminf/ © g ldz] > / o pldx].
k—oo JX X

hints:

(a) First consider the trivial case ¢ = +o00. Then assume that ¢ is not identically equal to
+00. Choose a point yo € X such that ¢(yg) < +oo.

(b) For A > 0, define
ea(@) = inf {p(y) + Ad(z, y)}.
yeX

Show that
0 < pr(z) < 400 for all z € X.

(c) Show that for 0 < A < ) one has
Pr= o S .
(d) Show that ¢y is A-Lipschitz continuous, that is,
loa(x) — pala’)| < Ad(z,2") for all z,2" € X.

e) Prove the pointwise convergence @y (z) — p(z) as A — co. Then prove
() P gence ¢ ¢ p

liminf py(z) > ¢(z).

A—00

Consider the cases p(z) = 0, 0 < ¢(z) < +oo. In the second case, use the lower
semicontinuity of ¢ to find a neighbourhood of 2 on which ¢(y) > a holds.



(f) Use the fact that X is locally compact and separable and then Urysohn’s lemma to
construct functions n; € C.(X) such that 0 <n; <1, n; — 1 pointwise on X.

(g) Set 1; := p;n;, where p; := @A‘A:i. Show that
Y € Ce(X) C Cp(X), 0< 1 <o
and that v; — ¢ pointwise on X.

(h) Use the weak-* convergence and the monotone convergence theorem to complete the
proof.



