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Exercise 1

a) Let p,v € P(X), where (X, d) is a metric space. In the lecture, we used the specific form
I'(p,v) > 7 = (Id x Id)sp[dx] of a minimizer 7* of

/ dP(x,y) m*[dx, dy] = #p(u, v)
XxX

to verify that #,(u,v) = 0 implies d(u,v) = 0. Please detail the arguments that lead to this
form of 7*.

b) Let 1 < p; < ps < 00. Fix p, v € P(X). Discuss if the following inequality is correct:

Wi (s v) < Wpy (s v7) -

Exercise 2

After the semester break, we resume with ‘gradient flows” — a topic that we prepare for in
this exercise.

a) Let ¢ € CY(R™;R). Consider the following initial value problem:
x(t) = -Vo(x(t)) Vt>0, x(0) = xp € R™. (1)

Discuss (local, global) solvability, and the decay property, i.e.: $¢(x(t)) < 0.
b) Let A € R™ " be symmetric and positive definit; define the map ¢ : R" — R, via

B(x) = %<X,Ax>Rn Vx €R".

Fix 7 > 0. We discretize with the help of the implicit Euler method, i.e., at (nodal) point
tr > 0 of a mesh Z, = {t) }ken, C Ry and for available x, € R we compute the next iterate
via

X7, — X
= V(1) (2)

Does x;,; € R" exist? Is it unique? Verify a corresponding discrete decay property, i.e.:

o(xj41) < o(x})  VkeN.



c) Another scheme is the ezplicit Fuler method, which is defined as:
X7, — X
Lk = Vg (x]) - (3)
-

We again assume ¢ from b): does xj_; € R" exist? If so, the method is clearly of lower
complexity. Discuss a discrete decay property.

d) Again assume ¢ from b). A higher order method is as follows:
Xp. 1 — XL 1. . .
% = —V¢(§[Xk+1 +x5]) - (4)

Do computed iterates satisfy a discrete decay property?

Remark: In the context of initial value problems for PDE’s; a corresponding problem like
e.g. appears after discretization in space and time of the heat equation, where u = u(t,x) on
[0, 7] x R solves

du(t,x) — Au(t,x) =0 VY (t,x) e Rt x R?, u(0,x) = ug(x) VYxeRe. (5)

We mention two facts:
(i) n > 11in b), so related matrices A € R™*" are huge (typically n ~ 10° for d = 3)!

(ii) Regarding problem : Instead of the (finite-dimensional) Hilbert space (R", || - ||gn)
that is used in b), a solution concept can also be given for problem which uses the
infinite-dimensional Hilbert space (H!(R%),|| - |/ (RY))-



