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Exercise 1

Let o : R 5 RU {400} be a convex function, and suppose that ¢ is differentiable at = € R?
with ¢(Z) < +00. Recall that the subdifferential of ¢ at z is defined by

0p(z) :== {y eR?: (2) > 0(Z) + (y,z — Z) for all z € ]Rd} :

Prove that dp(z) = {Ve(x)}.
(a) Explain why, by translating the function, one may assume without loss of generality that

Z=0, (0)=0.

(b) Fix x € R% Prove that the map

is nondecreasing.

(c) Use differentiability of ¢ at 0 to show that for all x € R?,
p(x) = (Ve(0), ).

Conclude that V(0) € 9p(0).

(d) Let y € 0¢(0). Use differentiability at 0 to prove that y = V(0).
Compute the subdifferential of the following convex functions.

(a) ¢ : R =R, o(z) = |z|.
(b) ¢ :R!—= R, p(z) = |a].

(c) ¢ :R? = R,
o(z1,r2) = max{xi, x2}.

(d) Let K C R? be a closed convex set, and define the indicator function

0, r €K,
(e) = +o0, ¢ K

Compute Ok ().



Exercise 2

Let ¢ : R? = RU {400} be a convex function with ¢ # +oo. Its Legendre transform is defined
by
©*(y) := sup {{z,y) — ¢(z)}.
z€R4
Prove the following statements.

(a) Forall z,y € RY, o(z) + ¢*(y) > (z,y). 1
(b) Show that equality holds, p(x) + ¢*(y) = (z,y), if and only if y € dp(x).

Exercise 3

Let ¢ : R? — RU {+00} be convex. Suppose that
y; € Op(x;) fori=1,...,N.
Prove that

N

> (i, wig1 — x) <0, IN41 = 1.

i=1
From this, conclude that every subset of the graph of the subdifferential of a convex function
is cyclically monotone.



