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EXERCISE 1.

Let | - | denote the Lebesgue measure on R%. Let A C R? be a Borel set with 0 < |A| < oo.
We denote by 4 the probability measure given by

_|ANnB|

pa(B) = A for every Borel set B C RY.
This can be written as 1)
Alx
d = dx.
pa(z) T

Let p := pp, () be the probability measure on
B1(0) :={z € R?: |z| < 1}.
Define the rotation map R : R? — R? by R(z1,22) := (—x2,71).
(a) Show that Ryp = pu.
(b) Show that R is not an optimal transport map from p to p for the quadratic cost.

(c) Compute
/ |z — Rx|* du(x).
B1(0)

(d) Identify the Brenier map from pu to p.

EXERCISE 2.

Let p := pp, (o) be the probability from Exercise 1, and let v := up,,) be the probability
measure on
Br(a) = {y € R : |y —a| < R},

where R > 0 and a € R?. Define T(r) := a + Rx.
(a) Show that Ty = v.

(b) Find a convex function ¢ : R? — R such that

T =Vo.

(c) Use Brenier’s theorem to conclude that 7" is the unique optimal transport map from pu
to v for the quadratic cost.



(d) Compute
Wi = [ o7 T@I due)

EXERCISE 3.

Let p, v € Po(RY), and assume that both p and v are absolutely continuous with respect to
Lebesgue measure. Let T : R — R? be the Brenier map from s to v, and let S : R — R? be
the Brenier map from v to u. Prove that

S(T(x)) = for p-almost every z € RY,

and
T(S(y)) =y for v-almost every y € R%.



